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Equation of passive scalar evolution
0,0 +(V-v)0 =«kA0, O(r,t =0)=6,(r)

velocity of fluid v does not depend on 2

Correlation length of scalar is much smaller than correlation length of velocity

Model

Origin of the reference frame moves with some Lagrangian trajectory ro (l‘)

Profile of velocity of fluid is linear at scales of interest. In the reference frame
V(r)=v(r @) -ov({,t) +r=acr so-called Batchelor regime

o ( [ ) -- matrix of velocity strain; its statistics is isotropic
D -- velocity of fluid in fixed reference frame

0.0+(r-6' -vV)0=xA0



Correlation function of passive scalar
Tn({ri}a t) — liIl Q(riat)

Correlation function depends on only mutual displacement of points rl.

In our model
averaging over a) statistics of initial passive scalar distribution (90(l')

b) over statistics of random process G (¢)

M. Chertkov and V. Lebedev, Phys.Rev.Let., 90, 034501 (2003)
E. Balkovsky and A. Fouxon, Phys.Rev.E, 60, 4164 (1999)



Physical systems

1. Kolmogorov turbulence

Scales:
L ¢ - Integral scale, scale of energy pumping
77 -- viscous (Kolmogorov) scale

Scales of interest:
scalar mixing at subviscous scales << 7]

At the scales velocity profile is linear

Averaging over volume at fixed time t
1
F :_I or. +r':p)dr’ 1/ -- volume of the system
=) TTow v



Physical systems

2. Elastic turbulence
A.Groisman, V.Steinberg, Nature 410, 905 (2001)

Weak polymer solution Chaotic flow in curved pipe
linear velocity profile at scales << L

N

VAV

30

Laser sheet‘ field of view

Reynolds number Re <<1 L — diameter of the pipe

\V, V —velocity of fluid
Weissenberg number Wizyf~l 4 -- relaxation time of polymer
Time if mixing is determined by f =g /<V>

length s along the pipe and mean velocity:

Averaging over a) time
b) over cross area (optional)



Evolution of a blob
0,0+ (r-6"-v)d =xA0

0,(r)=0,(r/1) 1»1
decreases at distances r ~ |
d(r,t) =0(r,t)
Blob has dimensions
_>' [, >..>1,
Smallest dimension
reaches r, attime
t,~A"'InPe > A"
Lagrangian trajectory Lyapunov exponent
r(t) =W ()r(0), /1<dlnr>
dW_ AW dt o 1
a0 At typical realization of velocity =~ W (t) oc e”
Diffusion scale
r,=vk/A
Kolmogorov turbulence [} <<77 & K<LV Pr=Z>>1
K
Elastic turbulence ,<<L & KkK<<vRe vV

-- coefficient of kinematic viscosity



Statistically homogeneous distribution

Many chaotically scattered blobs Mean over space <HO > =0

0, = Z a®.,( = |/1) Mean distance between blobs D << |

Gaussian statistics with zero mean

Pair correlation function: averaging over blob positions ri

F(Rt=0)=(6( + )6 )=

( j J £®(|r +R2|/DO,(|r' =R/2|/1)

Two points of correlation function, -+ must fall into the same blob



Pair correlation function
F,(R1)=(0( + .)0(,1))=

:<a2><ll“'ldj dr O(r' +Rr/2;t) O r'—R/2];t)>

D ..,

o)

C: > ... T Blob dimensions: [, > ... > [,

Averaging over rotating:

- 2-dimensional case:
P R y R<l,, ~1
R !
R>>1, =%
R

Averaging over degree of elongation:
requires knowing of statistics of blob dimensions /,,..., /,

|6’|

One-point moments:

E. Balkovsky and A. Fouxon, Phys.Rev.E, 60, 4164 (1999)



Statistics of blob dimensions. Entropy (Kramer) function S.

Lra(gtr)alg%{]/ Erta;erc(tg)ry %—Vtv = W N, O - orthogonal matrices
Incompressibility of flow
e 0 0 P1>Pr> P3P rpy+py;=0
W@® =N 0 2 010 Lyapunov exponents:
0 0 e ﬂ’i:</0.i>:<5ii>’ &ZNT(TN

Main Lyapunov exponent A = A,

Joint probability distribution function at times #>> ¥, , when e”' >> e”* >> ¢/
£ (p_z &j

Q)(p) oC e Pl 5(py + Py + P3)

Entropy function S is convex and has minimum at o, = 4t

Solution in Fourier-space of equation 0,8 + (r-6"-v)0 = x AO

ok, 1) = 6,(W'k, 1) exp|- rZkWAWK], A= [2dr W)W ()
0



Results, 3D-case

Pair correlation function

R\
TZ(R;t):eW(Tj’ l<a, <2, a,=a,(S)

Fourth order correlation function

T4(r19r29r39r4;t) -

3 Rz
:ZF4(Ri,1’Ri,2;t) —

i=1

ay by 1<Cl4§2 b
., Ir T
F4:C22Pexe/4[[R_dj (R;ij 9 4:2a 1Sb4
1 2

X=a,+b,,b,<2, x =2, b, >?2

ay, b, ay
| r r | r
2 —v.t ) 2 —wy,t .
T4:C26'4Pe‘( (’] 2[ "j +1 —> T4:C26’4Pe‘[ "j , a,<2a,
4P I3 s



Summary

1) Itis possible to bind passive scalar correlation functions with Kramer function
at arbitrary velocity statistics

2) Passive scalar correlation functions decays as powers of distances between
points in correlation function. The fact represents foliated structure of passive
scalar distribution in space

3) Statistics of passive scalar is strongly nongaussian and intermittent.



Pair correlation function

One-point moment Volume of blob V = [/[,1, . C, = (Dl—j (a’)

<92> _ C2<[X3®2(r _ 0)> Typical value of scalar in blob O(r = 0) = 17(90(1/ =0)

—tS—Z;((—p,-—lnPe)
(07) = sz3<%> =G, | dpydpye T = C,Pee
0, =0 0,8 <0, then p, =, ;>0 a=1
2 *
If at point 5.1 1<0,8 <0, then p, = —1In Pe a=1+0,5
’ 0,5 > 1, then p; = /IZt, /1; <0 a=2

[.(p;))=1lexp[—InPe + y(p, +InPe)]
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