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Bosonization and renormalization group for a clean 
Fermi gas with a repulsion in arbitrary dimensions.

I. L. Aleiner, K.B. Efetov
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1. New method of bosonization in d>1 including spin excitations.

2. New logarithmic contributions due to spin excitations, 
renormalization group.

3. Non-Fermi liquid behavior of a Fermi liquid. Temperature 
dependent spin relaxation.
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The main assumption of the Fermi liquid theory:

= Constant (weakly depends on temperature)

Not always true: e.g. for an attraction one has a Cooper instability.

What about repulsion?
Nothing in the weak coupling limit (common knowledge).

In this work: there are non-trivial correlations for  repulsion in the 
weak coupling limit and even an instability!
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Everything comes not from two electron correlations but from 
four electron ones!         A reason why nobody (?) has noticed 
these instabilities before.

Equivalent representation

Spin excitations

Reduction from electrons to collective excitations: Bosonization
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The scheme of the method.

1. Singling out slow varying                   pairs in the interaction.

No pairs of the type      ,                but they are not necessary 
because only              and           play a role.

χχ **χχ
)2( FpV )0(V

Example of a Cooper logarithm with these vertices.

Fc pkk ≤<

)2( FpV



22/12/2005 5

2. Decoupling of the slow pairs by the Hubbard-Stratonovich 
transformation          electron motion in a slow field         
writing equations for quasiclassical Green functions    

Φ

Φ is a 2x2 spin matrix.

The solution
Generalization of the 
Schwinger Ansatz

Equations for

Another representation: ),( τρ rn

),( τrSn Spin

Charge
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Equations for the charge and spin excitations: starting point 
for the calculations.

No interaction leading to 
infrared divergences.

Effective interaction leading 
to divergent contributions at 
T=0 (logarithmic in any 
dimensions)
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Non-trivial effective model for spin excitations. 
Logarithmic in any dimensions        RG treatment
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Effective field theory for the spin excitations. (Due to 
necessity of averaging over h, use of supervectors). 

The operator                                               is not hermitian          
doubling the size of the supervectors ψ

Effective Lagrangian

Z -Partition function, L-Lagrangian

][0 ψL -Lagrangian of free excitations



22/12/2005 8

Interaction terms

,0L 4L

3L,2L

are supersymmetric

violate the supersymmetry        contribution to 
thermodynamics

1=−=−= βαγαγβαβγ εεε

Next step: renormalization group treatment.
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Results of the solutions of the RG equations.

)(1 ξγQuartic interaction:          -forward scattering,               
backward scattering 

)(3 ξγ

Cubic interaction: 

ξ -Logarithmic variable

Quadratic interaction:

)(1 ξ∆ =const= )0(∆
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Results for the specific heat Cδ

Only the backscattering amplitudes            contribute to 
thermodynamics in the one loop approximation.

)(3 ξ∆

Thermodynamic potential 
in the first and second 
order in the effective           
A non-trivial contribution 
comes from b) only.

∆

Charge excitations

Spin excitations
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The function Y is not universal and depends on the cutoff.

)
9

10
2
1()( 2 XY b −Γ=θ for  1≤X

for 1≥X

2/2
0 bXY Γ== Agreement with: 

Chubukov, Maslov, Gangadharaiah, Glazman (2005) for 2d,

Chubukov, Maslov, Millis (2005) for 3d 

(Direct diagrammatic expansion)
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What about ?

Does this instability mean anything?

Yes!

Formation of an order parameter Q(u):

>=< βααβ ψψ
_

)(uQ 10 << u

βααβ QQ −= αβαβγγ ε QQ =



22/12/2005 13

Equation for the “order parameter”

....3,2,,0,2 ±±±== nnTπω

1,0 == tt zzzzqq
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is a function of u, 0<u<1( )u0∆
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Change of the specific heat at low temperatures

Universal

Asymptotic behavior

Low temperatures

High temperatures

( )u0∆ is always non-zero!

Interpretation: ( )u0∆ is the inverse time of the relaxation of the 
spin excitations.
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Conclusions.

There can be a non-trivial life in the Fermi gas with a 
repulsion due to spin excitations.

All these effects should become very pronounced near 
quantum critical points like normal metal-magnetic states 
transitions (may be, in the high Tc cuprates(?)) 


